
Problem for 2008 February

Communicated by Dan Jurca

The following problem appears on page 19 of A Course in Enumeration by Martin Aigner.

1.20 Let an =
1

(

n

0

) +
1

(

n

1

) + · · · +
1

(

n

n

) . Show that an = n+1
2n

an−1 + 1 and compute

limn→∞ an (if the limit exists). Hint: an > 2 + 2
n

and an+1 < an for n ≥ 4.

Solution by Dan Jurca

We recall that if 0 ≤ n, then

0 ≤ m ≤ n ⇒

(

n

m

)

=
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n − m

)

and 0 ≤ m < n ⇒
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m

)
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(
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)

.

Thus
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(
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=
1

n
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(
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n
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(
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1

n
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(

n−1
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) + · · · +
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n
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(
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) + 1

=
1

n

[

n − 0
(

n−1
0

) +
n − 1
(

n−1
1

) +
n − 2
(

n−1
2

) + · · · +
n − (n − 1)

(

n−1
n−1

)

]

+ 1

= an−1 −
1

n

[

0
(

n−1
0

) +
1

(

n−1
1

) +
2

(

n−1
2

) + · · · +
n − 1
(

n−1
n−1

)

]

+ 1

= an−1 −
1

n

[

n − 1
(

n−1
0

) +
n − 2
(

n−1
1

) +
n − 3
(

n−1
2

) + · · · +
0

(

n−1
n−1

)

]

+ 1, so

2an = 2an−1 −
n − 1

n
an−1 + 2, whence

an = an−1 −
n − 1

2n
an−1 + 1

=

(

1 −
n − 1

2n

)

an−1 + 1

=
n + 1

2n
an−1 + 1.

Now obviously

4 ≤ n ⇒
1

(

n

0

) +
1

(

n

1

) +
1

(

n

n−1

) +
1

(

n

n

) < an, so

2 +
2

n
< an.



Therefore

4 ≤ n ⇒ 2 +
2

n
< an

⇒ 2n + 2 < nan

⇒ 1 <
n

2n + 2
an

⇒ 1 <
2n + 2 − n − 2

2(n + 1)
an

⇒ 1 <

[

1 −
n + 2

2(n + 1)

]

an

⇒
n + 2

2(n + 1)
an + 1 < an

⇒ an+1 < an.

It follows that the sequence (an)∞
n=4, bounded below (by 2), decreases, hence converges.

But if (an) → L, then since

an =
n + 1

2n
an−1 + 1, we have

L =
1

2
L + 1, whence

L = 2; so that, finally,

lim
n→∞

an = 2.

Remarks. By induction on n one can show that

1. 0 ≤ n ⇒ an =
n + 1

2n+1

n+1
∑

i=1

2i

i
, and

2. 8 ≤ n ⇒ 2 +
2

n
< an < 2 +

3

n
.

Also solved by Massoud Malek


